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Abstract
Let Fq denote the ﬁnite ﬁeld of q elements, q an odd prime power, and let f ðxÞ ¼
xn þPni¼1 fixniAFq½x be given. When nX7; Han has stated that if f1 and f2 are prescribed in
advance, there exist coefﬁcients f3;y; fnAFq such that f ðxÞ is primitive. The remaining cases
of interest are n ¼ 4; 5, and 6. In this note we make some needed modiﬁcations to Han’s
arguments for nX7; resolve the cases n ¼ 5 and 6 in the afﬁrmative, and discuss the case n ¼ 4
as well. Our results are obtained by means of the bounds given in Han’s paper as well as use of
sieving techniques due to the ﬁrst author.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Let Fq denote the ﬁnite ﬁeld of q elements, q ¼ pr for prime p and positive integer
r: A monic polynomial f ðxÞ ¼ xn þPni¼1 fixniAFq½x is called a primitive polynomial
Corresponding author.
E-mail address: sdc@maths.gla.ac.uk, dmills@math.siu.edu (D. Mills).
1At the time this paper was written, the author was a post-doctoral fellow (Davies Fellowship) for the
National Research Council. He wishes to thank the NRC, and speciﬁcally the US Army Research
Laboratory (ARL) and the US Military Academy (USMA), for the use of their facilities during the time
that this paper was written. This work was supported in part by a grant of computer time from the DOD
High Performance Computing Modernization Program at ARL. The views expressed herein are those of
the author and do not purport to reﬂect the position of the United States Military Academy, the
Department of the Army, or the Department of Defence.
1071-5797/03/$ - see front matter r 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S1071-5797(03)00009-1
if it is irreducible over Fq and any of the roots of f can be used to generate
the multiplicative group Fqn of Fqn : Equivalently, f is primitive if the smallest
positive integer w such that f ðxÞ j xw  1 is w ¼ qn  1: Primitive polynomials
and their roots are of interest in various applications of ﬁnite ﬁelds to coding
theory and cryptography, and so it is of interest to know whether for a given
q and n there exists a primitive polynomial of degree n over Fq which may
satisfy certain additional conditions. One such condition is whether there exists a
primitive polynomial of degree n over Fq with ﬁrst coefﬁcient f1 prescribed,
where we note that f1 ¼ TrðaÞ; a a root of f and Tr the trace function from
Fqn to Fq: This question has been answered (see [3,6]), with answer as given in
Theorem 1.
Theorem 1. Let n41 be an integer, and let aAFq be given. Then there always exists
a primitive polynomial f ðxÞ ¼ xn þPni¼1 fixniAFq½x such that a ¼ f1 provided
ða; nÞað0; 3Þ for q ¼ 4 and ða; nÞað0; 2Þ for arbitrary q:
In this paper, we are concerned with the case in which there exists a primitive
polynomial with f1 and f2 prescribed. Han [5] gave the following.
Theorem 2. Let nX7 be an integer, and let a; bAFq be given, q an odd prime power.
Then there always exists a primitive polynomial f ðxÞ ¼ xn þPni¼1 fixniAFq½x such
that f1 ¼ a and f2 ¼ b:
Equivalently, Nq;nða; bÞ40 for all odd prime powers q and all integers nX7; where
Nq;nða; bÞ is as deﬁned in Section 2. The case where q ¼ 2i for some i is more difﬁcult;
a discussion of this case is provided in [8].
From Theorem 2, we infer that the remaining cases of interest are n ¼ 4; 5, and 6.
By using Theorem 4 (given in Section 2) as well as sieving inequalities obtained via
techniques due to the ﬁrst author (presented in Section 3), we prove the following,
with q an odd prime power.
Theorem 3. For all pairs a; bAFq; q odd, Nq;nða; bÞ40 for n ¼ 5; 6:
In Section 2, we present, in some detail, the work of Han in proving Theorem 2;
included in this section are corrections to Han’s proof of the existence of primitive
polynomials with two coefﬁcients f1 and f2 prescribed when nX7: Although the
methods of proof used in this section are similar to those in [5], we feel it is best to
give a largely self-contained treatment of the nX7 case. In Section 3 we apply the
sieving techniques of the ﬁrst author to give inequalities which, if satisﬁed for a given
n and f1; f2AFq; guarantee the existence of a primitive polynomial of degree n over Fq
with xn1 and xn2 coefﬁcients equal to f1 and f2 respectively. These inequalities are
then used in Sections 4–6 to resolve the existence matter in the afﬁrmative for
7pnp9; ða; bÞað0; 0Þ; n ¼ 6; and n ¼ 5; respectively. Although the case 7pnp9;
ða; bÞað0; 0Þ is addressed in [5], we believe it is best, in light of Section 2 and the need
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to use the sieve in any event for n ¼ 5; 6 to employ it as well for 7pnp9: In Section
7, we provide some insight into the existence problem for quartics.
2. Summary of work done thus far
To prove Theorem 2, Han gives bounds on the number of primitive polynomials
of degree n over Fq with f1 and f2 prescribed. To do this, he proves the following
lemma.
Lemma 1. Let f ðxÞ ¼ xn þPni¼1 fixniAFq½x be an irreducible polynomial over Fq;
q odd, and let aAFqn be a root of f : Then f2 ¼ 12ðTrðaÞ2  Trða2ÞÞ:
Thus we are interested in the number of solutions to the equations TrðxÞ ¼ a;
Trðx2Þ ¼ b for a; bAFq; and we write f1 ¼ a and f2 ¼ 12ða2  bÞ:
For a given prime power q and positive integer n; let Nq;nða; bÞ denote the number
of primitive element solutions of TrðxÞ ¼ a; Trðx2Þ ¼ b in Fqn (we will often
abbreviate Nq;nða; bÞ by N), put Q ¼ qn1q1 ; let f denote the Euler phi function on the
set of positive integers, and for positive integer r let oðrÞ denote the number of prime
divisors of r: Writing Nq;nða; bÞ as
Nq;nða; bÞ ¼ fðq
n  1Þ
q2ðqn  1Þ
X
d j qn1
mðdÞ
fðdÞ
X
wðdÞ
X
c1;c2AFq
X
xAF
qn
W ; ð1Þ
where W ¼ Wðc1; c2; w; xÞ ¼ cðTrðc1xþ c2x2Þ  ðc1a þ c2bÞÞwðdÞðxÞ; c is an additive
character of Fq; w is a dth order multiplicative character of Fqn ; and m denotes the
Mo¨bius function, Han proves the following.
Theorem 4. (i)
Nq;nð0; 0ÞX fðq
n  1Þ
q2ðqn  1Þ ½q
n  q  ðq  1Þqð ﬃﬃﬃﬃﬃqnp þ 1Þ
 fðq
n  1Þ
q2ðqn  1Þ ð2
oðQÞ  1Þðq  1Þð2q þ 1Þ ﬃﬃﬃﬃqnp ;
(ii) For aa0:
Nq;nða; 0ÞX fðq
n  1Þ
q2ðqn  1Þ ½q
n  2ðq  1Þ þ ð2q  1Þ ﬃﬃﬃﬃqnp 
 fðq
n  1Þ
q2ðqn  1Þ 2
oðQÞð4q  3Þ ﬃﬃﬃﬃqnp
 fðq
n  1Þ
q2ðqn  1Þ ð2
oðqn1Þ  2oðQÞÞð2q  1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qnþ1
p
;
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(iii) For ba0:
Nq;nð0; bÞX fðq
n  1Þ
q2ðqn  1Þ ½q
n  q  qð ﬃﬃﬃqp þ 1Þð ﬃﬃﬃﬃﬃqnp þ 1Þ
 fðq
n  1Þ
q2ðqn  1Þ ð2
oðQÞ  1Þð2qð ﬃﬃﬃqp þ 1Þ þ q  1Þ ﬃﬃﬃﬃﬃqnp
 fðq
n  1Þ
q2ðqn  1Þ 4qð2
oðqn1Þ  2oðQÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qnþ1
p
;
(iv) For aa0 and ba0:
Nq;nða; bÞX fðq
n  1Þ
q2ðqn  1Þ ½q
n  qð ﬃﬃﬃqp þ 1Þð ﬃﬃﬃﬃﬃqnp þ 1Þ
 fðq
n  1Þ
q2ðqn  1Þ ð2
oðQÞ  1Þð2qð ﬃﬃﬃqp þ 1Þ þ 1Þ ﬃﬃﬃﬃqnp
 fðq
n  1Þ
q2ðqn  1Þ ð4q þ 1Þð2
oðqn1Þ  2oðQÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qnþ1
p
:
To prove Theorem 4, the following basic lemma is employed.
Lemma 2. Let aAFqn ; then
X
d j qn1
mðdÞ
fðdÞ
X
wðdÞ
wðdÞðaÞ ¼ q
n  1
fðqn  1Þ
if a is a primitive element of Fqn : The sum is zero otherwise. Here w
ðdÞ runs through all
dth order multiplicative characters of Fqn :
In [5], there is a + rather than the correct sign of  in front of the qð ﬃﬃﬃqp þ
1Þð ﬃﬃﬃﬃqnp þ 1Þ term for the ba0 bounds. This, coupled with an incorrect analysis
for the case ða; bÞ ¼ ð0; 0Þ; leads to the following assertions: (1) If qn22X2oðQÞ;
then Nq;nð0; 0Þ40: (2) Let ða; bÞað0; 0Þ: If q
n3
2 Xð13
3
Þ2oðqn1Þ; then Nq;nða; bÞ40:
To see why the ﬁrst assertion does not hold, let q ¼ 89 and n ¼ 5: We have Q ¼
qn1
q1 ¼ 131 691 701; thus oðQÞ ¼ 3; and since
ﬃﬃﬃﬃﬃ
89
p
E9:43 the inequality in
part (1) holds. However, using part (i) of Theorem 4 with q ¼ 89 and n ¼ 5 gives a
right-hand side value of fðq
n1Þ
q2ðqn1Þð3240856838:74Þo0; and thus, while it is true that
N89;5ð0; 0Þ40 (as will be seen later), this cannot be inferred from Theorem 4.
Thus, we ﬁrst prove the following.
Theorem 5. If q
n
2242oðQÞþ1; then N ¼ Nq;nð0; 0Þ40:
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Proof. The expression on the right-hand side of the inequality in part (i) of Theorem
4, excluding the fðq
n1Þ
q2ðqn1Þ term, expands to
qn  q  ðqn2þ2  qn2þ1 þ q2  qÞ  ð2oðQÞ  1Þð2qn2þ2  qn2þ1  qn2Þ;
thus in order to guarantee that N40 we will need to guarantee that ð2oðQÞþ1 
1Þqn2þ2 þ q2oqn; as (after cancellation) the coefﬁcients for q2 and qn2þ2 in the
expression above are the only ones that are negative. Thus we want
2oðQÞþ1  1þ 1
qn=2
oq
n
2
2;
from which the theorem follows. &
We now need to show that using Theorem 5 guarantees Nq;nð0; 0Þ40 for nX7; and
to do this we will mimic Han’s proof of such. To begin, we note that the inequality of
Theorem 5 is equivalent to
qn42u0ðoðQÞþ1Þ; ð2Þ
where u0 ¼ ð12 2nÞ1: This is analogous to Condition A in [5]. As in that paper, we
will proceed by cases, namely each of n ¼ 7; 8, and 9, followed by nX10:
For n ¼ 7; u0 ¼ 143 : The possible prime factors of Q ¼ q
71
q1 are 7 or primes of the
form 14c þ 1 for c a positive integer. With o0 ¼ oðQÞ we have
q7  1
q  1X 7 29 43 71 113 127 2
7:622ðo06Þ
4 2u0ðo0þ1Þþð7:622u0Þo0u012:69:
Thus if o0X6 we have Q42u0ðo0þ1Þ and q74Q: If o0p5 and q74228 then (2) holds.
The values of q that we must check are q ¼ 3; 5, 7, 9, 11, and 13; however, each one
of these values satisﬁes (2), thus Nq;7ð0; 0Þ40 for all odd prime powers q:
For n ¼ 8; u0 ¼ 4 and we proceed as Han does by writing Q ¼ q81q1 as
Q ¼ðq4 þ 1Þq41
q1
X 2 3 5 7 11 13 2u0ðoððq41Þ=ðq1ÞÞ6Þðq4 þ 1Þ
4 214:87þu0ðoððq
41Þ=ðq1ÞÞ6Þðq4 þ 1Þ:
Thus if q4 þ 142u0ðoðq4þ1Þþ7Þ14:87 then (2) holds. Using the fact that prime r j q4 þ
1 iff r ¼ 2 or r ¼ 8k þ 1 for some positive integer k; we conclude that (2) holds
when oðq4 þ 1ÞX9: If oðq4 þ 1Þp8 and q44215u014:87 ¼ 245:13 then q84q4ðq41
q1 Þ4
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2u0ð8þoððq
41Þ=ðq1ÞÞþ1ÞX2u0ðoðQÞþ1Þ; so that (2) is satisﬁed. With the conditions
q44215u014:87 ¼ 245:13 and oðq4 þ 1Þp8 we see that we must check all odd prime
powers less than or equal to 2477, speciﬁcally to determine for each such value q
whether q8416oðQÞþ1: We ﬁnd that the last inequality is satisﬁed for all qX7; and we
check q ¼ 3; 5 directly, verifying that in each of these two cases there exists a
primitive polynomial of degree eight in Fq½x with ﬁrst and second coefﬁcients equal
to zero. Thus Nq;8ð0; 0Þ40 for all odd prime powers q:
For n ¼ 9; u0 ¼ 3:6 and again we proceed as in [5] by writing Q ¼ q
91
q1 ¼
ðq6 þ q3 þ 1Þðq31
q1 ÞX 3 7 2u0ðoðq
2þqþ1Þ2Þðq6 þ q3 þ 1Þ424:39þu0ðoðq2þqþ1Þ2Þðq6 þ
q3 þ 1Þ; where we use the fact that prime r j q2 þ q þ 1 iff r ¼ 3 or r  1 (mod 6).
Thus if q6 þ q3 þ 142u0ðoðq6þq3þ1Þþ3Þ4:39 then (2) holds. Using the fact that prime
r j q6 þ q3 þ 1 iff r ¼ 3 or r ¼ 18k þ 1 for some positive integer k; we ﬁnd that (2)
holds for oðq6 þ q3 þ 1ÞX6: If oðq6 þ q3 þ 1Þp5 and q6428u04:39 ¼ 224:41 then
arguing as for n ¼ 8 we see that again (2) holds. Since q64224:41 for all odd prime
powers qX17; we need only check odd prime powers less than 17 directly, speciﬁcally
asking whether q9423:6ðoðQÞþ1Þ: We ﬁnd that such is the case for each such q; thus
Nq;9ð0; 0Þ40 for all odd prime powers q:
Finally, for nX10 we have u0p103 : If oðQÞX13 then it is easily seen that
QX2 3? 41 25:42ðoðQÞ13Þ4210ðoðQÞþ1Þ=3X2u0ðoðQÞþ1Þ;
where 2 3? 41 is the product of the ﬁrst 13 primes. Thus when oðQÞX13; (2)
holds. If oðQÞp12 and qn42130=3 then again (2) holds. The qn values to check
directly are: 3n ð10pnp27Þ; 5n ð10pnp18Þ; 7n ð10pnp15Þ; 9n ð10pnp13Þ;
11n ð10pnp12Þ; 13n (n ¼ 10; 11); 1710; and 1910: A computer check shows that
all of these qn values satisfy (2), thus we can conclude the following.
Theorem 6. Nq;nð0; 0Þ40 for all nX7:
Both of Han’s assertions are given without proof. We have shown that his ﬁrst
assertion is incorrect, and have proceeded to correct his error. Han’s second
assertion (for the case where at least one of a; b is nonzero), while not necessarily
invalid, is nonetheless unclear and, in light of what has been noted above, somewhat
suspect. Thus, to be on the safe side, we give the following in place of Han’s second
claim, observing in advance that the bound we give is somewhat weaker than Han’s.
Theorem 7. Let ða; bÞað0; 0Þ: If
q
n3
2 Xð4þ
ﬃﬃﬃ
3
p
Þ2oðqn1Þ þ 6
25
;
then Nq;nða; bÞ40 for qX3 and nX4:
S.D. Cohen, D. Mills / Finite Fields and Their Applications 9 (2003) 334–350 339
Proof. The proposed bound is achieved by using Theorem 4 with a ¼ 0; ba0:
Speciﬁcally, elementary arithmetic gives
q2ðqn  1Þ
fðqn  1ÞNq;nð0; bÞXP1ðqÞ  P2ðqÞ;
where
P1ðqÞ ¼ qn þ ð2oðQÞþ1 þ 1Þqðnþ3Þ=2 þ 2qðnþ2Þ=2 þ ð2oðQÞ  1Þqn=2
and
P2ðqÞ ¼ 2oðqn1Þþ2qðnþ3Þ=2 þ 2oðQÞð3qðnþ2Þ=2Þ þ q3=2 þ 2q:
Thus it sufﬁces to ensure that P2ðqÞpqn; or, more stringently,
qðn3Þ=2X2oðq
n1Þþ2 þ 2oðqn1Þð3q1=2Þ þ qn=2 þ 2qðnþ1Þ=2:
Using the hypotheses qX3; nX4; we conclude that Nq;nð0; bÞ40 when q
n3
2 Xð4þﬃﬃﬃ
3
p Þ2oðqn1Þ þ 6
25
: To see that this bound sufﬁces for all instances in which
ða; bÞað0; 0Þ; observe that similar analyses for the cases aba0 and aa0 give the
bounds
qðn3Þ=2X 4þ 7þ
ﬃﬃﬃ
3
pﬃﬃﬃﬃﬃ
27
p
 !
2oðq
n1Þ
and
qðn3Þ=2X 2þ 4
ﬃﬃﬃ
3
p þ 1
3
 !
2oðq
n1Þ þ 1
3
;
respectively. The bound q
n3
2 Xð4þ ﬃﬃﬃ3p Þ2oðqn1Þ þ 6
25
is the most restrictive of the
three, and thus the theorem follows. &
Using methods like that employed in Han’s paper, one can use Theorem 7 to prove
that Nq;nða; bÞ40 for ða; bÞað0; 0Þ and nX10; with the exceptions qn ¼ 312 and qn ¼
310; each of which are resolved using (26) with d ¼ 2: Thus we have the following.
Theorem 8. Nq;nða; bÞ40 for ða; bÞað0; 0Þ and nX10:
3. Some useful inequalities
To guarantee the existence of primitive polynomials over a ﬁnite ﬁeld Fq with f1
and f2 prescribed, i.e., to ensure that N ¼ Nq;nða; bÞ40; we will use a combinatorial
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sieve due to the ﬁrst author. This sieve, proved in [1] and used in [4], is a
generalization of the sieve used in [2,3], among other papers, and like the earlier
version is combinatorial in nature.
Before stating the sieve inequality, we give a deﬁnition. An element xAFq is said to
be a-free (it has also been referred to as ‘‘no kind of ath power’’; see for example [4])
if, for any yAFq with yd ¼ x for d j a; we must have d ¼ 1: Thus the primitive
elements of Fq are those which are ðq  1Þ-free, while (trivially) all elements of the
ﬁeld are 1-free.
Now let e denote a divisor of qn  1; where q; n; and a; bAFq are given, and let NðeÞ
denote the number of elements xAFq that are e-free, with TrðxÞ ¼ a and Trðx2Þ ¼ b:
Observe that when e ¼ qn  1; Nðqn  1Þ is the value N deﬁned above; note as well
that we may write NðeÞ using a character sum formula like that given in (1) for N;
and that the value of NðeÞ depends only on the distinct prime factors of e: With these
observations in hand, we say that divisors e1;y; er; rX1; of e are complementary
divisors of e with common divisor d if the set of distinct prime divisors of lcmfe1;y; erg
is the same as that of e; and, for any pair ði; jÞ with 1piajpr; the set of distinct
prime divisors of gcdðei; ejÞ is that of d: When r ¼ 1; we have e1 ¼ d ¼ e:
We come now to the key inequality, proved in [1].
Theorem 9. Let q be a prime power and nX1 an integer. Suppose that a; bAFq: Let
e1;y; er; rX1 be complementary divisors of e j qn  1 with common divisor d: Then,
with NðeÞ defined as above, we have
NðeÞX
Xr
i¼1
NðeiÞ
" #
 ðr  1ÞNðdÞ: ð3Þ
Thus it sufﬁces to guarantee
Xr
i¼1
NðeiÞ
" #
 ðr  1ÞNðdÞ40: ð4Þ
From Theorem 4, there are three cases to consider (we will condense the ba0 cases
into one case).
1. a ¼ b ¼ 0: Note that each of d; e1;y; er may be taken as divisors of Q :¼ qn1q1 :
Arguing as in [5], the inequality corresponding to the one given in
Theorem 4(i) is
NðmÞXfðmÞ
q2m
½qn  q  ðq  1Þqð ﬃﬃﬃﬃﬃqnp þ 1Þ
 fðmÞ
q2m
ð2oðmÞ  1Þðq  1Þ ð2q þ 1Þ ﬃﬃﬃﬃqnp ; ð5Þ
where m is a divisor of Q: Noting that q þ ðq  1Þqð ﬃﬃﬃﬃﬃqnp þ 1Þpq2þn2 for nX5 and
q41; and ðq  1Þð2q þ 1Þ ﬃﬃﬃﬃﬃqnp p2q2þn2 for nX5 and q40; we arrive at the
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inequality
q2NðmÞXyðmÞfqn  ð2oðmÞþ1  1Þq2þn2g; ð6Þ
where yðmÞ :¼ fðmÞ=m: In particular,
q2NðdÞXyðdÞfqn  ð2oðdÞþ1  1Þq2þn2g: ð7Þ
So long as Pr
i¼1 yðeiÞ
yðdÞ 4r  1; ð8Þ
we may rewrite (7) as
q2NðdÞ
yðdÞ yXyfq
n  ð2oðdÞþ1  1Þq2þn2g; ð9Þ
where y :¼Pri¼1 yðeiÞ  ðr  1ÞyðdÞ40:
Next, rewrite (4) asXr
i¼1
NðeiÞ  yðeiÞyðdÞ NðdÞ
	 

þ y
yðdÞ NðdÞ40; ð10Þ
and apply (9), as well as
q2 NðeiÞ  yðeiÞyðdÞNðdÞ

p2yðeiÞð2oðeiÞ  2oðdÞÞq2þn2; ð11Þ
for each i; where (11) follows from the estimates of the character sums given
in [5], as applied to those divisors of ei not involved in NðdÞ: Noting as well
that, if we choose the complementary divisors such that d is one of 1, 2, or 6, say,
with the ei=d then being the remaining primes in Q (and thus r ¼ oðQÞ  oðdÞ),
we have 2oðeiÞ  2oðdÞ ¼ 2oðdÞ for each i; and thus from (10) we have the sieve
inequality
q
n
2
242oðdÞþ1
yþ ðr  1ÞyðdÞ
y
 
þ 2oðdÞþ1  1: ð12Þ
2. aa0; b ¼ 0: Each of d; e1;y; er are now taken as divisors of qn  1: Here the
inequality corresponding to the one given in Theorem 4(ii) is
NðmÞXfðmÞ
q2m
½qn  2ðq  1Þ þ ð2q  1Þ ﬃﬃﬃﬃqnp 
 fðmÞ
q2m
2oðgcdðm;QÞÞð4q  3Þ ﬃﬃﬃﬃﬃqnp
 fðmÞ
q2m
ð2oðmÞ  2oðgcdðm;QÞÞÞð2q  1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qnþ1
p
; ð13Þ
where m is a divisor of qn  1: Note that we can replace 2oðgcdðm;QÞÞ and 2oðmÞ 
2oðgcdðm;QÞÞ by 2oðmÞ without violating (13). Further, 2ðq  1Þ þ ð2q  1Þ
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ﬃﬃﬃﬃ
qn
p
4q1þ
n
2 for all prime powers q while ð4q  3Þ ﬃﬃﬃﬃqnp þ ð2q  1Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃqnþ1p o3qnþ32 for
q411:975; thus (13) may be written as
q2NðmÞXyðmÞ qn  qnþ32 3 2oðmÞ  1ﬃﬃﬃ
q
p
 	 

: ð14Þ
In particular,
q2NðdÞXyðdÞ qn  qnþ32 3 2oðdÞ  1ﬃﬃﬃ
q
p
 	 

; ð15Þ
thus with y deﬁned as in the argument for a ¼ b ¼ 0; we have
q2NðdÞ
yðdÞ yXy q
n  qnþ32 3 2oðdÞ  1ﬃﬃﬃ
q
p
 	 

: ð16Þ
Using (10) as well as the fact that
q2 NðeiÞ  yðeiÞyðdÞ NðdÞ

p3qnþ32 yðeiÞð2oðeiÞ  2oðdÞÞ ð17Þ
for each complementary divisor ei; i ¼ 1;y; r; we arrive (for q411:975) at the
sieve inequality
q
n3
2 4
3ðPri¼1 yðeiÞð2oðeiÞ  2oðdÞÞÞ
y
þ 3 2oðdÞ  1ﬃﬃﬃ
q
p
 
; ð18Þ
or, for a choice of complementary divisors such that 2oðeiÞ  2oðdÞ ¼ 2oðdÞ for
each i;
q
n3
2 4
3 2oðdÞð2yþ ðr  1ÞyðdÞÞ
y
 1ﬃﬃﬃ
q
p : ð19Þ
In any event, we would need to check q ¼ 3; 5, 7, 9, 11 directly.
3. ba0: Again, each of d; e1;y; er are taken as divisors of qn  1: For the case
aba0; m a divisor of qn  1; the inequality corresponding to the one given in
Theorem 4 is
q2NðmÞX yðmÞfqn  qð ﬃﬃﬃqp þ 1Þð ﬃﬃﬃﬃﬃqnp þ 1Þ
 ð2oðgcdðm;QÞÞ  1Þð2qð ﬃﬃﬃqp þ 1Þ þ 1Þ ﬃﬃﬃﬃﬃqnp
 ð2oðmÞ  2oðgcdðm;QÞÞÞð4q þ 1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qnþ1
p
g: ð20Þ
As ð2qð ﬃﬃﬃqp þ 1Þ þ 1Þ ﬃﬃﬃﬃﬃqnp oð4q þ 1Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃqnþ1p and qð ﬃﬃﬃqp þ 1Þð ﬃﬃﬃﬃqnp þ 1Þo2qðnþ3Þ=2 for
all odd prime powers q; and since 2qðnþ3Þ=2 þ ð4q þ 1Þqðnþ1Þ=2ð2oðmÞ  1Þo
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ð4q þ 1Þqðnþ1Þ=2ð2oðmÞ  0:5Þ for all positive q; (20) can be written as
q2NðmÞXyðmÞ qn  ð4q þ 1Þqðnþ1Þ=2 2oðmÞ  1
2
 	 

: ð21Þ
In particular,
q2NðdÞXyðdÞ qn  ð4q þ 1Þqðnþ1Þ=2 2oðdÞ  1
2
 	 

ð22Þ
or
q2NðdÞy
yðdÞ Xy q
n  ð4q þ 1Þqðnþ1Þ=2 2oðdÞ  1
2
 	 

; ð23Þ
where y is deﬁned as before. Using (10) as well as
q2 NðeiÞ  yðeiÞyðdÞ NðdÞ

pyðeiÞð2oðeiÞ  2oðdÞÞPðq; nÞ; ð24Þ
for each i; Pðq; nÞ ¼ ð4q þ 1Þqðnþ1Þ=2; applied to those divisors of ei not involved in
NðdÞ; we have
q
n3
2 4R1ðqÞ
Pr
i¼1 yðeiÞð2oðeiÞ  2oðdÞÞ
y
þ 2oðdÞ  1
2
 
; ð25Þ
ReðqÞ ¼ 4þ e=q: With the ei chosen such that 2oðeiÞ  2oðdÞ ¼ 2oðdÞ for each i; we
have
q
n3
2 4R1ðqÞ 2
oðdÞðyþ ðr  1ÞyðdÞÞ
y
þ 2oðdÞ  1
2
 
: ð26Þ
Similar analysis for the case a ¼ 0 gives
q
n3
2 4R0ðqÞ
Pr
i¼1 yðeiÞð2oðeiÞ  2oðdÞÞ
y
þ 2oðdÞ  1
2
 
; ð27Þ
or, with the ei chosen such that 2
oðeiÞ  2oðdÞ ¼ 2oðdÞ for each i;
q
n3
2 4R0ðqÞ 2
oðdÞðyþ ðr  1ÞyðdÞÞ
y
þ 2oðdÞ  1
2
 
: ð28Þ
Thus we may use either of (25) or (26) for the case ba0; regardless of the value of
a: Indeed, we claim that it sufﬁces to use (25) or (26), as appropriate, for the case
ða; bÞað0; 0Þ: It sufﬁces to show that the right-hand side of (25), then, exceeds the
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right-hand side of (18), for all oðdÞX0: Equivalently, we show that
q þ 1
q
2oðdÞ þ
Pr
i¼1 yðeiÞð2oðeiÞ  2oðdÞÞ
y
 
 SðqÞ40; ð29Þ
where SðqÞ ¼ 2þ ð1=2qÞ  ð1= ﬃﬃﬃqp Þ: We divide our work into two cases. First, if
oðdÞ40 then from (29) we deduce that it sufﬁces to show that
2oðdÞðq þ 1Þ
q
 SðqÞ40; ð30Þ
or, equivalently,
ð2oðdÞ  2Þ þ 2
oðdÞþ1  1
2q
þ 1ﬃﬃﬃ
q
p 40; ð31Þ
which clearly holds for all positive values of oðdÞ: If oðdÞ ¼ 0; so that d ¼ 1; we
will take the ei’s to be the prime factors of q
n  1; so that the left-hand side of (29)
becomes
q þ 1
q
2þ r  1
y
 
 SðqÞ: ð32Þ
This simpliﬁes to
ðq þ 1Þðr  1Þ
qy
þ 3
2q
þ 1ﬃﬃﬃ
q
p ; ð33Þ
which is clearly positive. Hence the claim is proven.
4. Existence proof for 7pnp9 with ða; bÞað0; 0Þ
We will begin with n ¼ 9; followed by n ¼ 8 and ﬁnally n ¼ 7: The main
tools are Theorem 7 and the conditions (25) and (26), bearing in mind that when
b ¼ 0 some extra consideration may be required for values of q between 3
and 11.
1. n ¼ 9: Theorem 7 can be used to show that N40 for oðq9  1ÞX13: Using (25)
and (26), it sufﬁces to take oðq9  1ÞX9; as illustrated in Table 1. In the table, the
ﬁrst column denotes the value of oðq9  1Þ; the second the smallest possible
q ¼ q0 for which q9  1 has o prime factors, and the third the cube root of the
right-hand side of (25) or (26), as appropriate. For o ¼ 1; (25) is used with
e1 ¼ d ¼ 2; for o ¼ 2; (25) is used with e1 ¼ d ¼ 2 and e2 ¼ 6; for o ¼ 3; (26) is
used with d ¼ 2; e1 ¼ 6; and e2 ¼ 10; for oX4; we use (26) with d ¼ 6: The tables
for 4pnp8 can be built the same way, and so we omit the display of most of these
tables hereafter.
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The possible exceptions are those values of q for which oðq9  1Þp8 and
which fall between the second- and third-column values for the appropriate
value of o: The only possible exception resulting from this search is q ¼ 3;
with oð39  1Þ ¼ 3: However, either use of (26) with d ¼ 2; or a computer
check, eliminates this value from consideration, and, as Theorem 7 is
satisﬁed for prime powers 5pqp11; we conclude that N40 for ða; bÞað0; 0Þ
and n ¼ 9:
2. n ¼ 8: Theorem 7 can be used to show that N40 for oðq8  1ÞX14: Using (25)
and (26), it sufﬁces to have oðq8  1ÞX9:
The possible exceptions are q ¼ 3 and 5, with oð38  1Þ ¼ 3 and oð58  1Þ ¼ 4:
However, either use of (26) with d ¼ 2 or a computer check eliminates q ¼ 5
from consideration, while a computer can be used to verify that N3;8ða; bÞ40:
Han remarks that Theorem 4 can be used to resolve q ¼ 3 in the
afﬁrmative; however, this does not appear to be the case, even if one uses his
version of the theorem. Thus we resort to a simple, direct computer check. As
Theorem 7 is satisﬁed for q ¼ 7; 9; 11; we conclude that N40 for ða; bÞað0; 0Þ
and n ¼ 8:
3. n ¼ 7: Theorem 7 can be used to show that N40 for oðq7  1ÞX16: Using (25)
and (26), it is enough to have oðq7  1ÞX10:
The possible exceptions are q ¼ 3 and 7, with oð37  1Þ ¼ 2 and oð77  1Þ ¼ 4:
However, use of (26) with d ¼ 2; or a computer check, eliminates q ¼ 7 from
consideration, while a computer can be used to verify that N3;7ða; bÞ40: As
Theorem 7 is satisﬁed for q ¼ 5; 9; 11; we conclude that N40 for ða; bÞað0; 0Þ
and n ¼ 7:
5. Proof of Theorem 3 for sextics
The proof of Theorem 3 for n ¼ 6 proceeds according to the cases a ¼ b ¼ 0 and
ða; bÞað0; 0Þ:
Table 1
Sieving table for Case n ¼ 9; ða; bÞað0; 0Þ
oðq9  1Þ q0 cube root of RHS
1 1.13 1.94
2 1.24 2.56
3 1.46 3.32
4 1.81 3.95
5 2.36 4.57
6 3.14 5.17
7 4.31 5.74
8 5.97 6.31
9 8.46 6.89
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1. a ¼ b ¼ 0: Theorem 5 can be used to show that N40 for oðQÞX31; Q ¼
ðq6  1Þ=ðq  1Þ: Using (12) and
q
n
2
24
2
Pr
i¼1 yðeiÞð2oðeiÞ  2oðdÞÞ
y
þ 2oðdÞþ1  1; ð34Þ
which is obtained by applying (9) and (11), absent the restriction 2oðeiÞ  2oðdÞ ¼
2oðdÞ for each i; we ﬁnd that it sufﬁces to have oðQÞX12: The bound for oðQÞ is
found using the same method as in Section 4, namely by using (34) with e1 ¼
d ¼ 2 for oðQÞ ¼ 1; using (34) with e1 ¼ d ¼ 2 and e2 ¼ 6 for oðQÞ ¼ 2; using
(12) with d ¼ 2; e1 ¼ 6; and e2 ¼ 10 for oðQÞ ¼ 3; and using (12) with d ¼ 6 for
oðQÞX4:
The possible exceptions, which do not satisfy (12) for any of d ¼ 1; 2, or 2p
where p is the second smallest prime factor of Q; are listed in Table 2. A quick
check using a computer eliminates all pertinent primes from consideration, while
for the prime powers q ¼ pe with e41; we factor primitive polynomials of degree
6e in Fp½x over Fq and look at the x5 and x4 coefﬁcients of each factor, as each
factor is a primitive polynomial of degree 6 over Fq: In each case we ﬁnd a
primitive polynomial of degree 6 over Fq with quintic and quartic coefﬁcients
equal to zero. Thus there are no exceptions and we conclude that for all odd q
with n ¼ 6 there exists a primitive polynomial f ðxÞAFq½x of the form f ðxÞ ¼
x6 þ f3x3 þ f4x2 þ f5x þ f6:
2. ða; bÞað0; 0Þ: Theorem 7 can be used to show that N40 for oðq6  1ÞX21: Using
(25) and (26), we improve this to oðq6  1ÞX11:
The possible exceptions are listed in Table 3. Each of q ¼ 19; 23, 25, and 29 are
eliminated via (26) with d ¼ 6; while the rest are resolved in the afﬁrmative by
means of a computer check. In particular, q ¼ 9 is resolved by factoring primitive
polynomials in F3½x of degree 12 over F9 and looking at the x5 and x4 coefﬁcients
of each factor, as each factor is a primitive polynomial of degree 6 over F9: Thus,
N40 for ða; bÞað0; 0Þ and n ¼ 6:
Table 2
Possible exceptions for Case n ¼ 6; ða; bÞ ¼ ð0; 0Þ
3 5 7 9 11 13 17
19 23 25 29 31 37 49
Table 3
Possible exceptions for Case n ¼ 6; ða; bÞað0; 0Þ
3 5 7 9 11 13
17 19 23 25 29
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6. Proof of Theorem 3 for quintics
1. a ¼ b ¼ 0: From Theorem 5, we have N40 if q44oðQÞþ1; Q ¼ ðq5  1Þ=ðq  1Þ
here. Since the prime divisors p of Q are either p ¼ 5 or p  1 (mod 5), it is easily
determined that N40 for oðQÞX42; or q4286: As with the case n ¼ 6; a ¼ b ¼ 0;
this is obviously an undesirably high bound. However, by using (12) and (34), we
can signiﬁcantly reduce the amount of work we need to do for this case. Table 4
illustrates this, and indicates in particular that we need only consider values of q
for which oðQÞo8: In the table, (34) is used with e1 ¼ d ¼ 5 for oðQÞ ¼ 1: For
oðQÞ ¼ 2; (34) is used with d ¼ e1 ¼ 5 and e2 ¼ 55: For oðQÞX3; (12) is used
with d ¼ 5:
The possible exceptions we list are those such that oðQÞo8 and (12) is not
satisﬁed for any of d ¼ 1; p1; or p1p2 where p1 and p2 are the smallest and second-
smallest prime factors of Q respectively. These values are listed in Table 5. A
quick check using a computer eliminates all pertinent primes from consideration,
while for the prime powers q ¼ pe with e41; we factor primitive polynomials of
degree 5e in Fp½x over Fq and look at the x4 and x3 coefﬁcients of each factor, as
each factor is a primitive polynomial of degree 5 over Fq: In each case we ﬁnd a
primitive polynomial of degree 5 over Fq with quartic and cubic coefﬁcients equal
to zero. Thus there are no exceptions and we conclude that for all odd q with
n ¼ 5 there exists a primitive polynomial f ðxÞAFq½x of the form f ðxÞ ¼ x5 þ
f4x
2 þ f5x þ f6:
2. ða; bÞað0; 0Þ: Theorem 7 can be used to show that N40 for oðq5  1ÞX34: Using
(25) and (26), we improve this to oðq5  1ÞX13: The possible exceptions are listed
in Table 6. The following values are eliminated via (26) with d ¼ 2: q ¼ 29; 47, 53,
59, 67, 81, 89, 125. The rest of the values are eliminated via computer checks;
Table 4
Sieving table for Case n ¼ 5; ða; bÞ ¼ ð0; 0Þ
oðQÞ q0 Square of RHS of (12) or (34)
1 1.00 9.00
2 2.39 49.00
3 6.15 133.68
4 16.00 268.46
5 45.19 455.96
6 131.66 700.43
7 417.92 1000.37
8 1414.48 1356.80
Table 5
Possible exceptions for Case n ¼ 5; ða; bÞ ¼ ð0; 0Þ
3 5 7 9 11 19 25 27 31 37
41 47 49 53 59 61 71 81 101
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the prime power values q ¼ pe with e41 are resolved by factoring primitive
polynomials in Fp½x of degree 5e over Fq and looking at the x4 and x3 coefﬁcients
of each factor (as each factor is a primitive polynomial of degree 5 over Fq). Thus,
Nq;5ða; bÞ40; and Theorem 3 is proved.
7. A discussion of the quartic case
1. a ¼ b ¼ 0: Han’s bounds are not very helpful when n ¼ 4; particularly when
a ¼ b ¼ 0: For this case, the right-hand side of the bound can be simpliﬁed to
give
fðq4  1Þ
q4  1 ðq  1 ð2
oðQÞ  1Þð2q2  q  1ÞÞ;
which in general gives a negative value. Clearly, bounds markedly stronger than
those currently available will be needed to give a complete result. It is worth
noting, though, that for the case n ¼ 4; a ¼ b ¼ 0; the number theory package
pari can be used to show that for all primes pp50; 000; with the exceptions
p ¼ 5; 7; 13; there exists a primitive polynomial of the form x4 þ f3x þ f4AFp½x: It
may be that the only exceptions involve those ﬁelds with characteristic one of 5, 7,
or 13. Again, though, current methods do not allow us to resolve this matter one
way or the other.
2. ða; bÞað0; 0Þ: As opposed to the case where nX5; here we do indeed ﬁnd genuine
exceptions, that is, pairs f1; f2AFq for which there does not exist a primitive
polynomial of the form x4 þ f1x3 þ f2x2 þ f3x þ f4AFq½x: For example, a check
in Table C of [7] shows that each of q ¼ 3; 5, and 7 have exceptions, namely for
the pairs ðf1; f2Þ ¼ ð0; 1Þ; ð0; 2Þ; and ð0; 2Þ; respectively.
Theorem 7 can be used to show that N40 for oðq4  1ÞX160; while (25) and
(26) can be used to improve this to oðq4  1ÞX22: The possible (or genuine)
exceptions are those prime power values q with oðq4  1Þo22 that lie between the
appropriate second- and third-column values of a table generated in like manner
to that of Table 1. A computer check shows that there are 9377 such values, with
none having oðq4  1Þ value greater than 14.
The level of futility in using the general sieving methods given in this paper is
exhibited best by a value such as q ¼ 841; for which oðq4  1Þ ¼ 6: Resolving
such a value via high-performance computing resources would take a prohibitive
amount of time; however, the sieve does not help either, as one can check to
Table 6
Possible exceptions for Case n ¼ 5; ða; bÞað0; 0Þ
3 5 7 9 11 13 19 23
25 27 29 31 37 43 47 49
53 59 61 67 71 81 89 125
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determine that we cannot come close to satisfying (26), regardless of the choice of
d: Extensive computing resources as well as additional ingenuity will be required,
then, to resolve the quartic case with ða; bÞað0; 0Þ:
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